We present a generalized transmission coefficient formula for the lead-junction-lead system, in which interaction between the leads has been taken into account. Based on it the Caroli formula could be easily recovered and a transmission coefficient formula for interface problem in the ballistic system can be obtained. The condition of validity for the formula is carefully explored. We mainly focus on heat transport. However, the corresponding electrical transport could be similarly dealt with. Also, an illustrative example is given to clarify the precise meaning of the quantities used in the formula, such as the concept of the reduced interacting matrix in different situations. In addition, an explicit transmission coefficient formula for a general one-dimensional interface setup is obtained based on the derived interface formula.
I. INTRODUCTION
In recent years there has been a huge increase in research and development of nanoscale science and technology, with the study of energy and electron transport playing important role. Focusing on thermal transport, Landauer-like results for steady-state heat flow have been proposed earlier [1, 2] . Subsequently, based on quantum Langevin equation approach, many authors successfully obtained a Landauer-type expression [3] [4] [5] . Alternatively, nonequilibrium Green's function (NEGF) method has been introduced to investigate mesoscopic thermal transport, which is particularly suited for use with ballistic thermal transport and readily allows the incorporation of nonlinear interactions [6] [7] [8] . Generally speaking, in the lead-junction-lead system, steady-state heat current of ballistic thermal transport flowing from left lead to right lead has been described by the Landauer-like formula, which was derived first for electrical current, as
where f {L,R} = exp ω/k B T {L,R} − 1 −1 is the BoseEinstein distribution for phonons, and T [ω] is known as the transmission coefficient. Based on nonequilibrium Green's function method, T [ω] can be calculated through the Caroli formula in terms of the Green's functions of the junction and the self-energies of the leads,
where G r,a is the Green's function of the junction, and where the self-energy terms Σ r,a {L,R} are due to the semiinfinite leads on the left, L, and on the right, R, respectively. The superscript r and a denote the retarded and advanced, respectively, both for the self-energies as well as for the Green's functions in the formula. The specific form (2) was given from NEGF formalism by Meir and Wingreen [9] for electronic case and later by Yamamoto and Watanabe for phonon transport [10] , while Caroli et al. first obtained a formula for the electronic transport in a slightly more restricted case [11] . Also, Mingo et al. have derived a similar expression for transmission coefficient using "atomistic Green's function" method [12, 13] . Very recently, Das and Dhar [14] derive the Landauerlike expression from plane wave picture using LippmannSchwinger scattering approach.
The Landauer-like formula describes the situation in which the junction is small enough compared to the coherent length of the waves so that it could be treated as elastic scattering where the energy is conserved. Furthermore, it has been assumed that the two leads are decoupled which physically means there is no direct tunneling between the two leads. Through modern nanoscale technology, small junction is easily realized such as in certain nanoscale systems, for instance, a single molecule or, in general, a small cluster of atoms between two bulk electrodes. In that case, the electrode surfaces of the bulk conductors may be separated by just a few angstroms so that some finite electronic coupling between the two surfaces is inevitable taking into account the long-range interaction. In order to solve this problem, Di Ventra suggested that [15] we can choose our "sample" region (junction) to extend several atomic layers inside the bulk electrodes where screening is essentially complete so that the above coupling could be negligible. It turns out to be correct using this trick to avoid the interaction between the two leads, which will be verified in a simple example at the end of the paper, even though we, to some limited extent, modify the initial condition necessary to derive Landauer-like formula in NEGF formalism and repartition the total Hamiltonian. However, this procedure or trick could not be always done due to some topological reason such as studying heat current in Rubin model [16] in which the other end of the two semi-infinite leads is connected (a ring problem). Actually this somewhat trivial example is not so artificial since it is equivalent to using periodic boundary condition in Rubin model. Furthermore, the modification of the initial product state will certainly affect the behavior of the transient heat current. If we want to study the transient and steady heat current [17] in a unified way, the repartitioning procedure which changes the model is not acceptable. So in this work we will try to derive a compact formula applicable to this general model including lead-lead interaction for steady-state heat current according to NEGF formalism, and correspondingly obtained a Caroli-like formula for transmission coefficient. Furthermore, an interface transmission coefficient formula in the NEGF formalism will be given as a special case of the general Caroli-like formula. Also, the standard Caroli formula follows as a one-line proof.
The paper is organized into two main sections. In Section II, we develop our formalism to derive our generalized expression for the steady current directly taking coupling between leads into account. Based on this general formula, we will recover the Caroli formula and derive a computationally efficient interface formula in II D. Then we apply this formalism to an illustrative model system in Section III and show the results of numerical calculations. Also, we will apply the interface formula obtained in Section II to derive an explicit expression for transmission coefficient in Section IV. Finally we conclude with a short discussion in Section V.
II. FORMALISM A. Model system
As was mentioned previously, we will consider the leadjunction-lead model initially prepared in product statê
. We can imagine that left lead (L), center junction (C), and right lead (R) in this model was in contact with three different heat baths at the inverse temperature
, respectively for time t < t 0 . At time t = t 0 , all the heat baths are removed, and coupling of the center junction with the leads and the interaction between the two leads are switched on abruptly. Now the total Hamiltonian of the leadjunction-lead system becomes
where
√ mx α and p α are column vectors of transformed coordinates and corresponding conjugate momenta in region α. The superscript T stands for matrix transpose.
are the usual couplings between the junction and the two leads, which are certainly necessary to establish the heat current. Now the new term representing interaction between two leads H LR = u T L V LR u R will modify transmission coefficient greatly, which is our main interest.
It is worth mentioning that nonlinear interaction could be added inside the center junction and dealt with using self-consistent approach in the framework of NEGF, which has been done by many authors [18, 19] .
B. Steady state contour-ordered Green's functions
Contour-ordered Green's functions are the central objects in the NEGF formalism, among which the directly derived relation say, Dyson equation, could be readily transformed to all kinds of relations among the real-time Green's functions by Langreth theorem [20] . And many interesting quantities such as the current we will consider in the following subsection could be easily related to the proper real-time Green's functions.
Steady-state contour-ordered Green's functions are defined as
is the steady-state density operator, in which time s > t 0 introduced for convenience of later discussion could take any finite time since the switch-on time t 0 will be let to go to −∞ at the end in order to establish steady-state heat current. u
is operator in the Heisenberg picture and similarly for u β k (τ 2 ). The variables τ 1 and τ 2 are on the contour from time s to ∞ and back from ∞ to time s. U (t 0 , s) etc. are the time evolution operators of the full Hamiltonian. T c is the contour-ordering super-operator. There is a strong assumption here which is all we need in the whole derivation, where we assume steady state could be established from initial product state after infinite time so that all the steady-state realtime Green's function depend only on the difference of the two time arguments. This intuitively reasonable assumption is not always guaranteed and there is a specific example about how to establish steady-state heat current in Ref [21] .
After t 0 → −∞ , s → t + 0 , and transforming to the interaction picture, where the total Hamiltonian H tot is separated into the free part H 0 = H L + H C + H R and the interaction part H int = H LC + H CR + H LR , we obtain
where u Now the variables τ 1 and τ 2 are on the Keldysh contour [22, 23] K from −∞ to ∞ and back from ∞ to −∞.
The contour variables such as τ 1 only influence the ordering of the operators under T c , and e i H0τ1 has the same meaning as e i H0t1 with real time t 1 . Expanding the exponential to perform a perturbation expansion and using Feynman diagrammatic technique, we can obtain Dyson equations for
All these Dyson equations could be symbolically lumped into a compact matrix expression,
, and
Tr (e −βαHα ) 
) LL ], we note that the size of the G < [ω] making nonzero contribution to I ss L is completely determined by nonzero entries in the symmetric total coupling matrix V . So we don't need the full G < [ω] which is an infinite matrix due to the two semi-infinite leads. According to this observation, we choose the reduced square matrix G τ 2 ) is needed. Equation (7) is the starting point and indeed it is also true that G red = g red +g red V red G red , where g red is similarly defined as G red and V red is the submatrix of original V after crossing out all the zero column and row vectors except for the possible zero vectors whose row or column indexes are the center (junction) ones. Actually, G red is just the corresponding submatrix of G just like V red .
From now on, for notational simplicity, we omit the subscript red of all the steady-state Green's functions and all the coupling matrices with the understanding that these matrices are of finite dimensions.
Using the Langreth theorem [20] and Fourier transforming the obtained all kinds of real-time Green's functions, we can get
g sur,a L is the advanced surface Green's function for the left lead coming from the corresponding part of the advanced reduced Green's function g a red and similarly for the retarded one. This new function plays important role for our generalized Caroli formula and for an interface formula to be derived below. Here, fluctuation dissipation theorem
−1 = 0, which is responsible for the vanishing of junction temperature dependence of final steady-state current formula. With respect to various Green's functions and specific convention of Fourier transform, we use the same definitions as Ref. [24] .
Substituting the Eq. (10) into steady current expression (9), we can easily obtain
Where,
Again applying Langreth theorem and Fourier transform to the corresponding reduced one of Eq. (7), we could
Using the relations such as
=Γ L (where the superscript † stands for transpose conjugate) etc., we obtain
In deriving it, cyclic property of the trace was used. Following similar steps, we could get
Due to these properties thatΓ
. Now we define the general transmission coefficient
Since current is certainly a real number, and this property has been kept in the whole derivation, we have I
According to the definitions of retarded and advanced Green's functions in the frequency domain, we know G
, steady current I ss L can be simplified further to the final expression
Thus, it is the same as expected that Landauer-like formula still apply to this general case taking lead-lead interaction into account. And this Landauer-like formula with the explicit general transmission coefficient expression (17) is our central result. Now we need to know how to calculate G r LR in order for specific applications. According to the corresponding reduced one of Eq. (7), we can obtain a closed equation for G 
and Ṽ RL,r
† , now all the quantities necessary to obtain general transmission coefficient T G could be expressed in terms of retarded or advanced form of submatrix of g red and submatrix of V red , which are both easily obtained.
D. Recovering Caroli formula and deriving an interface formula
First, we recover Caroli formula for transmission coefficient. In this case, coupling between the two leads V LR has been assumed to be 0. Thus, similar to what we did in subsection II C, we could easily derived
† , we could immediately obtain from formula (17) 
Here, we should remember that all the quantities inside the trace now are reduced ones. However, it is still equal to expression (2) , in which all the quantities could be the full ones, taking trace operation and the reducing procedure for G and V into account. How to calculate T [ω] and apply this efficient formula to specific applications has been stated by many authors, e.g. [25] . Now we try to derive an interface formula still based on formula (17) . By interface we simply mean left lead and right lead has been connected directly and center junction has been removed. Mathematically, we know V CL = 0 and V CR = 0 in this situation. Consequently,
. Straightforwardly, we get the transmission coefficient formula in this interface problem [26] 
In order to apply this formula, still we need a closed equation for G r RR , which could be simply obtained to be
where the reduced retarded self-energy is given byΣ
III. AN ILLUSTRATIVE APPLICATION
The illustrative example is a one-dimensional central ring problem, in which there is only one particle in the center junction connected with two semi-infinite spring chain leads. In this model, the interaction between the two nearest particles inside the two leads also exists taken into account as V LR . Thus, the form of the total Hamiltonian is the same as (4) with K α 0 , α = L, R the semi-infinite tridiagonal spring constant matrix consisting of 2ω [ω] = 1/Ω. After all these preparations, the transmission coefficient is simply calculated by the formula (17) .
Also, there is an alternative method to deal with this problem suggested by Di Ventra as we mentioned in Section I. Essentially we repartition the total Hamiltonian so that interaction between leads is absent. Thus, in this model, the form of the total Hamiltonian is still the same as (4) but with
Since now V LR red = 0, we can use either the Caroli formula (2) or the general one (17) to calculate the transmission coefficient. The results of the two methods were compared in Fig. 1 . It turns out to be that they are the same, which justifies the suggestion of Di Ventra from NEGF point of view in this example.
Probably a much efficient way to calculate the transmission coefficient in this type of noninteracting problem is to use the interface formula (20) . Frequently, the surface Green's functions will become complex when we separate the total system into two parts in order to apply the interface formula. However, there are some efficient algorithms for surface Green's functions see, for example, Ref. [25] . Now we will show a specific application of interface formula (20) .
IV. AN EXPLICIT INTERFACE TRANSMISSION FUNCTION FORMULA
Here in this section we derive an explicit expression for the transmission function T I [ω] using Eq. (20) for the single interface setup, i.e. the left and right lead are directly connected and the center part is removed.
Let us consider that the normalized force constant for left and the right leads are ω 
Taking K L = K L 0 + ∆K into account, and using ∆K as a perturbation we can write
Since in this case only first atom of the left lead is connected with the first atom of the right lead, the retarded surface Green's function of the left lead is just the (1, 1) 
and the self-energy for the lead is given bỹ 
where, λ 2 is similarly defined as λ 1 with ω 1 replaced by ω 2 . It has been noted that it matches exactly with the result in Ref. [27] , where this expression is obtained from wave-scattering method. Now if ω 
V. SUMMARY
We examine the heat current in a lead-junction-lead quantum system, in which coupling between the leads has been taken into account. After assuming ideal steady state could be established from initial product state, we rigorously derived a general Landauer-like formula in the NEGF framework, from which the corresponding transmission coefficient was obtained. Based on this general transmission coefficient formula, Caroli formula was recovered and a computationally efficient interface formula applicable to the case in which the total noninteracting Hamiltonian could be repartitioned was derived. Also an illustrative example was given as both a verification of the validity of the repartitioning procedure which doesn't affect the steady current value and the clarification of the meaning of some quantities used in the formula such as V LC red etc in different situations. Finally, we derived an explicit transmission coefficient formula in a quite general one-dimensional interface situation based on interface formula, which turned out to be perfectly consistent with result obtained by wave-scattering method.
